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LLogs in χPT (SU(2)V×SU(2)A→SU(2)I )

LχPT = L2 + L4 + . . . .

Infinite component EFTs are renormalizable: S.Weinberg’79.
2→ 2 scattering amplitude:

A(s, t) = c1
E2

Λ2︸ ︷︷ ︸
only L2
parameters

+
E4

Λ4

(
c2 log

(
µ2

E2

)
︸ ︷︷ ︸

1−loop
only

L2 parameters

+ c3︸︷︷︸
1−loop L2 parameters

tree−level L4 parameters

)
+ O

(
E6

Λ6

)
;

Leading Logs

n ≡ [number of loops +1]

A(s, t) =
∞∑
n=1

ωn

(
E2

Λ2

)n

logn−1

(
µ2

E2

)
+ NLL
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Do we really have to care about LLogs in EFTs?

Renormalizable QFT

A(s) = α+ α2(a1 log |s|+ b1) + α3(a2 log2 |s|+ b2 log |s|+ c) + . . . ; α ∼
α0

log |s|
;

LLog approximation gives leading asymptotic behavior.

Case of χPT

A(s) =
s

F 2
+

s2

F 4
(a1 log |s|+ b1) +

s3

F 6
(a2 log2 |s|+ b2 log |s|+ c) + . . . ;

s � F 2; s log |s| ∼ s.

In χPT LLog can not compete with power-like corrections. No reason to be particularly
interested in their resummation... But!

Some phenomenology in D = 4: I. Perevalova, M. Polyakov, A. Vall and A. Vladimirov’11;

LLs can mirror some fundamental properties of the theory!
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LLs for EFTs in D = 4

Some references:

D. Kazakov’88 and M. Buchler, G. Colangelo’04: generalization of the RG-group methods
for EFTs.

M. Bissegger, A. Fuhrer’07: 5-loop LLs in massless O(4)/O(3) σ-model;

N. Kivel, M. Polyakov, A. Vladimirov’08.

J. Koschinski , M. Polyakov, A. Vladimirov’10: arbitrary-loop LLs in massless Φ4-type
EFTs from unitarity, analyticity and crossing;

Action (Φ4-type theory; all fields are massless e.g. O(N + 1)/O(N) σ-model):

S =

∫
dDx

[
1

2
∂µΦa∂µΦa − V (Φ, ∂Φ)

]
;

The lowest chiral order of interaction is 2κ: e.g. Φ2∂2κΦ2;

The Lagrangian is invariant under some particular global symmetry group G (isospin);

Infinite system of recurrence relations for LL-coefficients of PWs: generalization of the
RG-equations;

Too hard to solve analytically in D = 4, but much simpler in D = 2.
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Main object of study: 2→ 2 scattering amplitude

Symmetry group O(N);

2→ 2 scattering amplitude:

〈Φc (p3) Φd (p4) |S − 1|Φa (p1) Φb (p2)〉 = i(2π)2 s

2
√

s(s−4m2)
×
[
δ (p1 − p4) δ (p2 − p3)

∑
I P

I
abcdM

I ,T (s) + δ (p1 − p3) δ (p2 − p4)
∑

I P
I
abcdM

I ,R(s)
]
.

MI ,{T ,R}(s): transition and reflection amplitudes;

P I
abcd are projectors on the invariant isospin subspaces:

P I=0
abcd =

δabδcd

N
; P I=1

abcd =
δacδbd − δadδbc

2
; P I=2

abcd =
δacδbd + δadδbc

2
−

1

N
δabδcd ;
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LLs in massless EFT in D = 2: preliminaries

LLog structure of PW amplitudes:

MI ,{T ,R}(s) = 4πs
∞∑
n=1

Ŝn
n−1∑
i=0

α
I ,{T ,R}
n,i logi

(
µ2

s

)
logn−i−1

(
µ2

−s

)
+O(NLL);

F is the coupling in the Lagrangian; [F ] = κ− 1

Ŝ = sκ−1

4πF 2 is the dimensionless expansion parameter.

Both left and right cuts in the complex s-plane contribute.

The LL coefficients are given by

ω
I ,{T ,R}
n =

n−1∑
i=0

α
I ,{T ,R}
n,i ;
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Recurrence relation for ω
I ,{T ,R}
n from unitarity, analyticity and crossing I

Only 2-particle unitarity is relevant! 2-particle unitarity (s-channel cut):

ImMT (s)
∣∣
s>0

= 1
8s

s√
s(s−4m2)

(∣∣MT (s)
∣∣2 +

∣∣MR(s)
∣∣2)

ImMR(s)
∣∣
s>0

= 1
8s

s√
s(s−4m2)

(
MT∗ (s)MR(s) +MR∗ (s)MT (s)

)
Implication of the s-channel cut unitarity:

n−1∑
i=0

αI ,T
i (n − i − 1) =

1

2

n−1∑
k=1

(
ωI ,T
k ωI ,T

n−k + ωI ,R
k ωI ,R

n−k

)
;

n−1∑
i=0

αI ,R
i (n − i − 1) =

1

2

n−1∑
k=1

(
ωI ,T
k ωI ,R

n−k + ωI ,R
k ωI ,T

n−k

)
;
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Recurrence relation for ω
I ,{T ,R}
n from unitarity, analyticity and crossing II

Crossing symmetry and the isospin crossing matrices (s ↔ u-crossing):

MI (s, t, u) = C IJ
suMJ(u, t, s); MI (s, t, u) = C IJ

stMJ(t, s, u) ;

Crossing matrices expressed through the projectors

C IJ
su = P I

abcdP
J
bdac

1

dI
; C IJ

st =
1

dI
P I
abcdP

J
cbad ;

Analyticity + crossing :

MI
(
s, t = 0, u = 4m2 − s

)
≡MI ,T (s) =

1

π

∫ ∞
4m2

ds′
∑
J

(
δIJ

s′ − s
+

C IJ
su

s′ − u

)
discMJ,T

(
s′
)

MI
(
s, t = 4m2 − s, u = 0

)
≡MI ,R(s) =

1

π

∫ ∞
4m2

ds′
∑
J

(
δIJ

s′ − s
+

C IJ
st

s′ − t

)
discMJ,T

(
s′
)
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Recurrence relation for ω
I ,{T ,R}
n from unitarity, analyticity and crossing III

2-particle unitarity + analyticity (Roy equations):

ImMI, T (s)
∣∣∣
s<0

=
∑
J

C IJ
su

1

8s

s√
−s(−s − 4m2)

(
|MJ, T (−s)|2 + |MJ, R (−s)|2

)
;

ImMI, R (s)
∣∣∣
s<0

=
∑
J

C IJ
st

1

8s

s√
−s(−s − 4m2)

(
MJ, T ∗(−s)MJ, R (−s) +MJ, R∗(−s)MJ, T (−s)

)
.

Closed form of the recurrence relations

ω
I, T
n =

1

2(n − 1)

n−1∑
k=1

∑
J

(
δ
IJ − (−1)(κ−1)nC IJ

su

) (
ω
J, T
k

ω
J, T
n−k

+ ω
J, R
k

ω
J, R
n−k

)
;

ω
I, R
n =

1

2(n − 1)

n−1∑
k=1

∑
J

(
δ
IJ − (−1)(κ−1)nC IJ

st

) (
ω
J, T
k

ω
J, R
n−k

+ ω
J, R
k

ω
J, T
n−k

)
.

Reminder for the indices:

n : number of loops + 1; I , J : label isospin invariant subspaces;

Initial conditions ω
I ,{T ,R}
n=1 come from the tree-level calculation.
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Case of renormalizable theory: O(N)-symmetric Φ4 in D = 4

Consider

L =
1

2
∂µΦi∂µΦi −

λ0

4!
(Φ2)2.

LLog approximation can be obtained by solving 1-loop RG equation:

µ2 ∂

∂µ2
λ(µ2) = β(λ) =

N + 2

8
λ2(µ2) +O(λ2)⇒ A(s, t) = λ(µ2) =

λ0

1− b1λ0 log(µ2/s)

Same solution comes from the recursive equations.

The crossing matrices form the 1-loop β-function coefficient. N.b. κ = 0.

ωn =
1

2(n − 1)

n−1∑
k=1

N + 2

8︸ ︷︷ ︸
b1

ωkωn−k ⇒ A(s, t) =
∞∑
n=1

λn0 logn−1

(
µ2

s

)
ωn
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Simplified form of the recurrence relation

Formulation of the problem:

Generating function:

f (z) =
∞∑
n=1

fnz
n−1;

Non-linear recurrence relation:

fn =
1

n − 1

n−1∑
k=1

A(n, k)fk fn−k , f1 = 1.

A(n, k) function: Greek “Aναδρoµη̇” for “recursion” (courtesy of N. Stefanis).

Singularities of f (z) closest to the origin play the crucial role for the asymptotic behavior
of fn for n→∞.
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Some remarkable cases I: Catalan numbers

Cn =

n−1∑
k=0

CkCn−1−k , C0 = 1, A(n + 1, k) = n; f (z) =
∞∑
n=0

Cnz
n =

2

1 +
√

1− 4z
.

Plenty of combinatoric applications.
E.g. number of rooted binary trees with n internal nodes and n + 1 external nodes
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Some remarkable cases II: Bessel functions
A. Vladimirov, 2010:

A(n, k) =
n − 1

n + ν
; ν − parameter.

The solution:

f (z) =

√
ν + 1

z

Jν+1(2
√

z(ν + 1))

Jν(2
√

z(ν + 1))
.

For ν > −1 poles along z > 0 axis and a cut along z < 0;

For ν < −1 poles along z < 0 axis and a cut along z > 0;

N.b. ν = 1
2

: f (z) = 1−
√

6z cot
√

6z
2z

c.f. D. Kazakov: summing up UV-divergencies in the
supersymmetric gauge theories (D = 6, 8, 10 SYM).

Motivation from A.A. Migdal

A.A.‘Migdal’1977, 78: 2-point function of large-Nc QCD as the sum of infinite number of
pole terms with spectrum given by roots of the Bessel functions;

AdS/CFT : same spectrum reported (see J.Erlich et al.’2006).
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More remarkable examples: factorials and pseudofactorials
Case of renormalizable theory

A(n, k) = 1: factorial:
{an} ≡ {fn(n − 1)!} = {0!, 1!, 2!, . . .}

f ′(z) = −f 2(z); f (0) = 1.

Quasi-renormalizable theory ??
A(n, k) = (−1)n+1

R. Bacher and P. Flajolet’09: pseudofactorial sequence:
{an} ≡ {fn(n − 1)!} = {1, −1, −2, 2, 16, −40, −320, 1040, ... }.

f ′(z) = −f 2(−z); f (0) = 1.
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Dixon’s elliptic functions
Dixon’s elliptic functions (Dixon’189X) (elliptic = meromorphic, doubly periodic)

{
sm′(z) = cm2(z)

cm′(z) = −sm2(z)
sm(0) = 0; cm(0) = 1 sm3(z) + cm3(z) = 1.
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Dixon’s elliptic functions and pseudofactorial
The equation is equivalent to (g(z) ≡ f (−z)){

f ′(z) = −g2(z)

g ′(z) = f 2(z),
f (0) = 1; g(0) = 1.

This system has a simple first integral: f 3(z) + g3(z) = 2.

Integration gives: f (z) = 2
1
3 sm(

π3

6
− 2

1
3 z), with

π3

6
=

1

6
B(

1

3
,

1

3
).

Real period: ω3 ≡ 6r = 2−1/3π3. Invariance under rotations by ± 2π
3

.
Can be expressed through the Weierstrass ℘-function.
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Landau pole in QFT and quasi-renormalizable QFTs

Running coupling through the renormalized coupling λR ≡ λ(µ0):

λ(µ) =
λR

1− b1λR log µ
µ0

.

β-function

β(λ) = λ
( 3

16π2︸ ︷︷ ︸
b1

λ+ . . .
)
.

Dimensional transmutation

E∞ = µ0 exp

(∫ ∞
λR

dλ

β(λ)

)
; E∞

∣∣∣
λΦ4

4!

= µ0 exp

(
16π2

3λR

)
;

Quasi-renormalizable QFT

We call the quantum field theory quasi-renormalizable if the generating function for the
coefficients of leading logs of 2→ 2 scattering amplitude (defined from the recurrence relation)

is a meromorphic function of the variable z ≡ log
(
µ2

s

)
.
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Quasi-renormalizable QFTs. O(N)-symmetric bi-quartic theory in D = 2

O(N)-symmetric bi-quartic (Φ4-type with 4 derivatives) theory:

S =

∫
d2x
[ 1

2
∂µΦa

∂
µΦa − g1(∂µΦa

∂
µΦa)(∂νΦb

∂
νΦb)− g2(∂µΦa

∂νΦa)(∂µΦb
∂
νΦb)

]
.

LL-approximation of the O(N)-symmetric bi-quartic theory is infrared finite in D = 2.

Can be seen as a general deformation of the free O(N)-symmetric theory with a generic
dimension-4 operator:

S =

∫
d2x

[1

2
∂µΦa∂µΦa − 4λ detTµν −

1

G
(∂µΦa∂νΦa)(∂µΦb∂νΦb)

]
.

1

G
= 2g1 + g2; λ = −g1; [G ] = 2; [λ] = −2.

N.B. 2g1 + g2 = 0: pure TT̄ deformation - no Logs!
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LLog coefficients in D = 2 bi-quartic theory I

Explicit form of recurrence relations in D = 2:

ωI ,T
n =

1

2(n − 1)

n−1∑
k=1

2∑
I ′=0

(
δII
′
− (−1)nC II ′

su

)(
ωI ′,T
k ωI ′,T

n−k + ωI ′, R
k ωI ′, R

n−k

)
;

ωI , R
n =

1

2(n − 1)

n−1∑
k=1

2∑
I ′=0

(
δII
′
− (−1)nC II ′

st

)(
ωI ′,T
k ωI ′, R

n−k + ωI ′, R
k ωI ′,T

n−k

)
.

Initial conditions (n = 1) from the tree-level calculation:

ωI=0, T
1 = ωI=0, R

1 = (2g1(N + 1) + g2(N + 3));

ωI=1, T
1 = −ωI=1, R

1 = (g2 − 2g1);

ωI=2, T
1 = ωI=2, R

1 = (2g1 + 3g2).

For n > 1 only particular combination of couplings occurs in LL-coefficients:

1/G = 2g1 + g2.
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Diagonalization of the recurrence system I

The system for ωI=0,T
n is equivalent to

fn =
1

n − 1

n−1∑
k=1

(
A0 + (−1)nA1 + (−1)kA2

)
fk fn−k ; f1 = 1.

The coefficients Ai read:

A0 = 1 +
1

(N + 2)(N − 1)
; A1 = −

N + 1

(N + 2)(N − 1)
; A2 = −

2

(N + 2)(N − 1)
.

For n ≥ 2:

ωI=0, T
n = fn ×

(
(N + 2)(N − 1)

NG

)n

.
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Diagonalization of the recurrence system II

Generating function:

Ω(z) =
∞∑
n=2

ωI=0, T
n zn−1.

I = 0 transition amplitude in LL-approximation:

MI=0, T
∣∣∣
LL

(s) = s2 [2g1(N + 1) + g2(N + 3)] +
s2

G
Ω

(
s

2πG
log

(
µ2

s

))
.

All other MI , T , R are expressed through the same Ω(z).
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How to solve the recurrence system I

We introduce the generating function

f (z) =
∞∑
n=1

fnz
n−1.

The recurrence system for fn is equivalent to the differential equation:

d

dz
f (z) = A0 f (z)2 + A1 f (−z)2 − A2 f (z)f (−z), f (0) = 1.

N.b. A1 = A2 = 0 same form as the RG-equation in a renormalizable QFT:

d

dz
f (z) = A0 f 2(z); f (z) =

1

1− A0z
: single Landau pole.
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How to solve the recurrence system II

Even and odd parts of the generating function: f (±z) = u(z)± v(z)

u(z) =
∞∑
n=1
odd

fnz
n−1; v(z) =

∞∑
n=2
even

fnz
n−1.

We need to address the system:{
v ′(z) = (A0 + A1 − A2)u2(z) + (A0 + A1 + A2)v2(z);

u′(z) = 2(A0 − A1)u(z)v(z);
u(0) = 1; v(0) = 0.

The system possesses the following first integral A. Smirnov:

(
u2(z) +

−A0 + 3A1 + A2

A0 + A1 − A2
v2(z)

)A0−A1

= (u(z))A0+A1+A2 .

K.M. Semenov-Tian-Shansky LLs beyond TT̄ 30.09.2021 25 / 46



How to solve the recurrence system III

New variable:

l(z) =
1

u(z)
.

Use of the first integral:

v(z) = −
1

2(A0 − A1)

1

l(z)

d

dz
l(z).

Final form of the equation for l(z):

α1

[
l ′(z))

]2
= α0l

2α1 (z)− α0; l(0) = 1.

α0 = −
2N3

(N − 1)2(N + 2)
; α1 =

N + 2

2N
.
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Equivalent mechanical system I

The problem is equivalent to a 1D motion of a mechanical system:
I “time”: t = N

(N−1)(N+2)
z;

I “coordinate”: q(t) = l
(

(N−1)(N+2)
N

t
)

.

m q̇(t)2

2
+ q(t)γ = 1; q(t = 0) = 1; q̇(t = 0) = 0;

I “mass”: m = 1
2N2 ;

I exponent of the “potential”: γ = N+2
N

.

LL-amplitude through q

Ω(z) =
(N − 1)(N + 2)

N

(
1

q(z)
− 1

)
−

N − 1

2N

d

dz
log(q(z)).
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Equivalent mechanical system II

Dual “mechanical” system: q(t) = r(t)
2

2−γ :

M ṙ(t)2

2
+
[
2− r(t)δ

]
= 1; r(t = 0) = 1; ṙ(t = 0) = 0;

I “mass”: M = 2
(N−2)2 ;

I exponent of the “potential”: δ = 2γ
γ−2

.
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Remarkable solutions I

N →∞; (γ = 0, m→ 0) – “motion under constant force”:

q(t) = 1− (Nt)2; Ω(z) =
N

1− Nz
− N.

N.b. LL-amplitude possesses a single Landau pole; assuming gi ∼ 1/N, theory is
equivalent to a renormalizable QFT.

N = 2 (γ = 2, m = 1
8

) – “harmonic oscillator”:

q(t) = cos(4t); Ω(z) =
2

cos(4z)
+ tan(4z)− 2 .

First example of a quasi-renormalizable theory!
I Poles and residues:

z
(1)
k =

π

8
(4k + 1), k ∈ Z, Res

z=z
(1)
k

Ω(z) = −
3

4
;

z
(2)
k =

π

8
(4k + 3), k ∈ Z, Res

z=z
(2)
k

Ω(z) =
1

4
.
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Remarkable solutions II

N → 0 (δ = 2, M = 1
2

) – “inverted harmonic potential”:

r(t) = cosh(2t); Ω(z) = − log[cosh(2z)]− tanh(2z) .

Another example of a quasi-renormalizable theory!
I Poles and residues:

zk = i
π

4
(2k + 1) , k ∈ Z, Res

z=zk
Ω(z) = −

1

2
.
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Remarkable solutions III

Case N → 1 (γ = 3, m = 1
2

) – (Bacher&Flajolet’s pseudofactorial):

q(t) =
3℘
(√

3t; 0,− 4
27

)
− 2

3℘
(√

3t; 0,− 4
27

)
+ 1

; [℘′]2 = 4℘3 − g2℘− g3

Ω(z)

N − 1
=

1

2

6℘
(√

3z; 0,− 4
27

)
−
√

3℘′
(√

3z; 0,− 4
27

)
+ 2

℘
(√

3z; 0,− 4
27

)2
− 1

3
℘
(√

3z; 0,− 4
27

)
− 2

9

.
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Qualitative general analysis

Case N > 0 or N < −2: “particle” moves to the left from q = 1 to q = 0. This point is
reached in finite “time” and with finite “velocity”: pole singularity of Ω(z):

zpole =

√
πΓ
(

1 + N
N+2

)
2NΓ

(
1
2

+ N
N+2

) .
I N = 2

2p+1
(p ∈ N) “particle” oscillates in the “potential” q2(p+1). Ω(z) has an

infinite number of equidistant poles separated by:

∆z =
(2p + 1)

√
π Γ

(
1 + 1

2(p+1)

)
2 Γ
(

1
2

+ 1
2(p+1)

) , p ∈ N.

I Known elliptic solutions for N = 2
3
, 2

5
.

Case −2 < N < 0: “particle” moves to the right from q = 1 and never reaches q = 0. No
singularities on the real axis for Ω(z).

zbranch = ±i

√
πΓ
(

2
N+2
− 1

2

)
2N Γ

(
− N

N+2

) .
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O(N + 1)-symmetric σ-model deformed beyond TT̄

O(N + 1)-symmetric σ-model deformed by the most general dimension-4 operator:

S =

∫
d2x

(
1

2
∂µ~n · ∂µ~n − g1

(
∂µ~n · ∂µ~n

) (
∂ν~n · ∂ν~n

)
− g2

(
∂µ~n · ∂ν~n

) (
∂
µ~n · ∂ν~n

))

~n ∈ SN : ~n =
(

Φ1, . . .ΦN ,
√

F 2 − ~Φ2
)

; [F ] = 0; [g1] = [g2] = −2.

S =

∫
d2x

(
1

2
∂µ~n · ∂µ~n − 4λ det (Tµν)−

1

G
(∂µ~n · ∂ν~n) (∂µ~n · ∂ν~n)

)

Tµν = ∂µ~n · ∂ν~n −
1

2
ηµν (∂α~n · ∂α~n) λ = −g1;

1

G
= 2g1 + g2.
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Leading chiral logs in O(N)-symmetric mixed theory in D = 2

m counts powers of renormalizable interaction with constant 1
F 2

n counts powers of non-renormalizable interaction (with the constant 1
G

= 2g1 + g2 for
n + m ≥ 2).

2→ 2 amplitude in LL approximation:

M(s)I=0,{T ,R}
∣∣∣
LL

=
s

F 2
(N − 1) + s2 (2g1(N + 1) + g2(N + 3))

+ 4πs
+∞∑
n,m=0
n+m≥2

( s

4πG

)n ( 1

4πF 2

)m

ω
I ,{T ,R}
n,m

[
log

(
µ2

s

)]n+m−1

︸ ︷︷ ︸
s2

G
Ω

(
s

4πG
log

(
µ2

s

)
, G
sF2

)
+O(NLL)

Tree level result m = 1, n = 0 and m = 0, n = 1 are given in Red.

Generating function:

Ω(z,w) =
+∞∑
n,m=0
n+m≥2

ωI=0,T
n,m zn+m−1wm
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Recurrence relations for the mixed theory I

Rescaling of LL-coefficients:

ω0,T
n,m = fn,m

(
(N − 1)(N + 2)

N
(2g1 + g2)

)n

(N − 1)m

Equivalent recurrence relation:

fn,m =
1

n + m − 1

n∑
k=0

m∑
l=0

(
A0 + (−1)nA1 + (−1)kA2

)
︸ ︷︷ ︸

A(n,k)

fk,l fn−k,m−l

Same A(n, k) as for the bi-quartic theory (no dependence on m):

A0 = 1 +
1

(N + 2)(N − 1)
; A1 = −

N + 1

(N + 2)(N − 1)
; A2 = −

2

(N + 2)(N − 1)
;

The initial conditions:

f0,0 = 0, f1,0 = f0,1 = 1.
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Recurrence relations for the mixed theory II

The recurrence system look unassailable. But!

Generating functions of definite combined parity (with respect to z and w):

u(−z,−w) = f (z,w); v(−z,−w) = −g(z,w).

u(z,w) =
∞∑
n=1
odd

∞∑
m=0
even

fn,mz
n+m−1wm +

∞∑
n=0
odd

∞∑
m=1
odd

fn,mz
n+m−1wm;

v(z,w) =
∞∑
n=0
even

∞∑
m=1
odd

fn,mz
n+m−1wm +

∞∑
n=0
even

∞∑
m=0
even

fn,mz
n+m−1wm; (N.b. f0,0 = 0).

The Ω generating function (after rescaling):

u(z,w) + v(z,w)→ Ω(z,w)
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Recurrence relations for the mixed theory III

The recurrence system is equivalent to:

{
∂
∂z

v(z,w) = (A0 + A1 − A2)u2(z,w) + (A0 + A1 + A2)v2(z,w);
∂
∂z

u(z,w) = 2(A0 − A1)u(z,w)v(z,w).

The initial conditions read

u(z = 0,w) = 1; v(z = 0,w) = w .

The dependence on w enters only through the initial condition!

Same system as for bi-quartic theory but with different initial condition!

First integral:

u2(z,w)− (N+2)2

N2 v2(z,w)

1− (N+2)2

N2 w2

 N
N−1

= u
N−2
N−1 (z,w).
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Equivalent mechanical system

Rescaled variables: “time” and “coordinate”:

t =
N

(N − 1)(N + 2)
z; q(t,w) =

1

u
(

(N−1)(N+2)
N

t, N
(N+2)

w
) .

The equation of motion

m

2
q̇2(t,w) +

(
1− w2

)
q(t,w)γ = 1; q(t = 0,w) = 1.

I “Particle” mass m = 1
2N2 .

I The “potential”
(
1− w2

)
qγ(t,w) with γ = N+2

N
I The total energy: E = 1.

N.b. The initial condition implies non-zero initial velocity:

q̇2(t = 0,w) = v2
0 = 4N2w2.
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Solution for pure TT̄ deformed 2D σ-model

Pure TT̄ deformation corresponds to G →∞
The loop function:

ΩTT̄ (y) = lim
w→∞

z→0,wz=y

1

w
Ω(z,w) = (N − 1)

(N − 2)y

1− (N − 2)y
.

Transition I = 0 amplitude in the LL approximation:

MI=0,T (s) = 4λs2 +
s

F 2
(N − 1)

 1

1− (N−2)

4πF 2 log
(
µ2

s

)


= 4λs2 +
s

F 2(s)
(N − 1).

The running coupling:

d 1
F 2(s)

d logµ2
≡ β

(
1

F 2

)
=

N − 2

4π

1

F 4
+O

(
1

F 6

)
.

N.b. The β-function contains the factor N − 2 instead of N − 1. Why?
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A word about O(N + 1)/O(N) sigma-model in D = 2

L =
1

2g2
|∂µ~n · ∂µ~n| ; ~n · ~n = 1; ~n =

(
π1, . . . , πN , σ

)
; σ =

√
1− ~π2.

L =
1

2g2
|∂µ~π|2 +

1

2g2
(~π · ∂µ~π)2 + . . . .

Asymptotically free theory in D = 2 A.M. Polyakov, 1975:

β(g) = −(N − 1)
g3

4π
+ O(g5); β(g(µ)) ≡

∂

∂ logµ
g(µ).

The logs we sum with help of the recurrence relations are log s, not log µ!
Reason: infrared divergencies. Unitarity method misses log m

µ
, where m is the small

infrared regulating mass.
Diagrams we miss (at 1-loop):
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Solutions for N = 2 case I
LL-amplitude Ω(z,w) through q(z,w)

Ω(z,w) =
(N + 2)(N − 1)

N

(
1

q(z,w)
− 1−

N

N + 2
w

)
−

N − 1

2N

d

dz
log(q(z,w))

The analytic structure of the solution strongly depends on w :

N.b. w →
G

sF 2
: relative strength of the two interactions.

|w | > 1 : w = ± ch(α) with α ∈ [0,∞]

Ω(z,w) =
2 sh(α)

sh(α∓ 4z sh(α))
+

sh(4z sh(α))

sh(α∓ 4z sh(α))
− 2

Ω(z,w) possesses complex poles.

w = 1 :

q(t,w) = 1− 4t

Ω(z,w) possesses real pole at z = 1
4

.
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Solutions for N = 2 case II

−1 < w < 1 : w = sin(α) with α ∈ [−π/2, π/2].

Ω(z,w) =
2 cos(α)

cos(α+ 4z cos(α))
+

sin(4z cos(α))

cos(α+ 4z cos(α))
− 2

Ω(z,w) possesses real poles. N.b. For w = 0 (F →∞) α = 0 and biquartic model is
reproduced.

w = −1 :

q(t,w) = 1 + 4t

Ω(z,w) possesses real pole at

z = −
1

4
.
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More solutions

N γ m Ω(z,w) Comments:

−2 0 1
8

0 free motion; no LLs;

N →∞ 1 m→ 0 X motion under constant force;

2 2 1
8

X harmonic oscillator case; trigonometric solution;

N → 1 3 1
2

X Dixon’s functions elliptic solution;
2
3

4 9
8

X elliptic solution;

Table : Summary of solutions for the mechanical system expressed in terms of elliptic
functions (and their degeneracies).

N δ M Ω(z,w) Comments:

−2 0 1
8

0 γ = 0 case;

− 2
3

1 9
32

X motion under constant force;

N → 0 2 1
2

X motion in the inverted harmonic potential;
2
5

3 25
32

X elliptic solution;
2
3

4 9
8

X γ = 4 case;

Table : Summary of solutions for the dual mechanical system q(t,w) = r(t,w)
2

2−γ

(M = 2
(N−2)2 ; δ = 2γ

γ−2
) expressed in terms of elliptic functions (and their degeneracies).
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Conclusions and Outlook

1 First examples of quasi-renormalizable theories:
I All order summation of LLs in the O(2)-symmetric free theory deformed beyond

TT̄ in D = 2 (z = s
4πG

log
(
µ2/s

)
) :

ΩN=2(z) =
2

cos(4z)
+ tan(4z)− 2.

I N → 1 limit case. LL-amplitude in terms of Dixon’s functions.

2 All order summation of LLs in the O(3)/O(2)-symmetric σ-model deformed beyond TT̄
in D = 2: extremely rich dynamics.

3 Implications for 2-point function? Landau ghosts and their physical interpretation?

4 Infrared problem?

5 Any realistic physical systems to be described by the mixed theory in D = 2? Connections
to solid state physics? Phase transitions?

6 Is it possible to have a non-trivial example of the exactly solvable quasi-renormalizable
theory in D = 2?
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Where we are?

He had bought a large map representing the sea,
Without the least vestige of land:
And the crew were much pleased when they found it to be
A map they could all understand.
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Where we actually are
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