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The sin-Gordon NLIE: IM-=side

€(0) = rsinh(0) + 27k — 2[ dO'F (6 — 0) SmIn (1 5 e—ie(e—i()))
R

(This Is for the vacuum states, more complicated integration contours appear for excited states.)
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where m i1s the soliton mass, R the circumference of the cylinder and s Is the scale parameter; useful for later
considerations in the ODE/IM setup

0+ irn/a
Starting from the NLIE, and setting: —ie(f) = In ( X ))

Q0 — in/a)

where Q is the field-theory version of the Baxter's Q-function: T(6)Q(0) = Q0 + in/a) + QO — in/a)
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one can easily extract the large-6 expansion for

(o + 1),k> re?
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The coefficients J,,_; ,J,,_1 .G, , G, are the local and non-local integrals of motion, respectively,
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In terms of J; and J; the total energy and momentum are

m_ T - r no T .
e sy L - , P=—sm<—) (]1—J1)
2 20 ZCOS(%) 2 20

where

, T
2m sin (—) = my
2a

for @ > 1, is the mass of the fundamental breather:



Including the 77 deformation

2

FH @) - H (@) — T'Z— cosh(0) <= mR sinh(0) — m%R, sinh(0 — 6,)
T

where £ and 6, are defined through the following relations

R, cosh (6)) =R+ TER,7), R, sinh(6,) =7P(R,7)

Re(E)

PR | . F
aTE(Ra T) = E(R, T)@RE(R, T) ~+ o

_10F!

. ’ (The Burgers-type equation)

P=0- ER,7)=ER+7ER,7),0)
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Classical (modified) sinh-Gordon model: ODE-side

0.0-n — e“" + p(z) p(D)e " = 0 (Modified sinh-Gordon equation)

<

with the functions p(z) of the form

p(Z) £ Z2a - SZ(x

Modified sinh-Gordon and standard sinh-Gordon equations are related by a simple change of variables

.1
dw =\/pQdz,  dw =\/p@)dz IS0 g

0,,0-1 — el + e~ = () (sinh-Gordon equation)



Lax pair

1 1
D=@Z+2(')Z770 —ee[a e+ o p(z)e_”] = 0, — o N g7 b 9[0‘ e’7+0+p(2)e_’7]
oy - D¥ =0 Lax equations (associate linear system)

with the parametrisation
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ez ez y e 2 ex(0;+0:n)y
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and

u(z,2) = @) —om, i(z,2) = (0:n)° —
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Consider first the light-cone limit Z — 0 in which # has the asymptotic

n— Llog(zD) + o+ ... (=21k] 118

For the ODE/IM- n(\z\,¢+§>=nuz\,¢>, n(1z1,4) ~ aln|z|

Inthe imitz ~s — 0,80 — oo, with the combinations

one Tinds the Schroedinger equation for the anharmonic oscillator (original ODE/IM):
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The classical local integrals of motion are
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- - . P A
T(w) = EM(W’ wi=1,, 1, (W) Eu(w, w) = P,,
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i(w, w) = (0, — 0t . u(w, w) = (971)° — 9z



E=€+&,P=&—-&

. % [dw T, (W) + div O (W), & = % de ®y(W) + div To(W)

71 Y1

The ODE/IM correspondence claim is:

{J2n—1(R)9 j2n-—1(R) } Quantum — {J2n——1(R)’ jZn—l(R) } Classical



The circumference R




Classical 77 as a dynamical change of coordinates

. ] 1 +2t00(w) —2¢Th(w) ‘
J A(w) ( —ZtTQ(W) 1 —|-2t(:)0(w) ) ( gg ) . JT ( g; )
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Now we wish to compute what we expect to be the TT perturbed circumference R of the theory, defined as
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de . J ksl DL U de - ZtJ@O(X)dx T (x)dx
A(W(X)) A(W(X))

7 7 7 7
where
A(w) = (1 +2t00(w))(1 + 2tOo(W)) — 4t"To(w)Ta(w)
flncieione

ikt — h () — (R
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VWe would like to prove the validity of the Burgers equation on this classical (ODE) side of the correspondence

dE(R, T) = dE(R, T)
dT > dR

El{H. T

We consider the curve R(R, 7) = constant, with R = R(), and take the derivative with respect to 7 :

dR dE(R
) — - E(R,T)+ T S
dT dT

dE(R,T) dR
dit da

- T

E(R, 7) fulfils the Burgers equation if

dR E(R. %)
e T
dt

To show this, it is necessary to clarify what R(R, ) = constant means in this context.
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2 1
R(R,7) = = Jdv‘v -+ de
m tan(z)

it Vit

Clearly, R is completely determined by the integration contour ¥, , SO keeping R constant means keeping ¥, tixed.

At y, fixed, we need to find how y; changes under an infinitesimal variation of ¢

1
1 - R(t — 6t) = dij+ | d
R(t): - /dx+/dx ( g / Y Y
mtan(%) . mta,n(m) w0
Sl il o :
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Ihe map between x and y coordinates Is
dy 0 Jhe ) g d:lj‘
( dy) — (U e e ( dm)
Explicrtly:

dy = dx — 26t(0¢(x)dx + To(x)dx)
dy = dx — 26t(T5(x)dx + Ogy(x)dT)

oIvVINg

e ( [ ] dy)

1,y

ey 21 (/ dx + / dx — 20t (/ (x)dz + To(x)dT) + /(Tz(x)daﬁJr@o(X)dl')))

Qe il
80t

hay g
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herefore

dR
— = —F(R, T)
dT

In conclusion we have

~

dE dE - '
(R> 7') . (Rv T)E(R, 7-) and E'(R, 7_) i E(R(R? 7)7 O)

dT dR

on both Classical and Quantum sides of the correspondence.

— If the ODE/IM correspondence is valid at r =0 it is also validat r # 0!



Conclusions

1) The ODE/IM correspondence is valid also in TT deformed integrable models.

2) The analysis can

3)

(the outcome Is the same)

he Interpretation of this result in the Amplitudes/Wilson loop AdS/C
MISSINg.

be done for generic polynomial potential and for a wide class of models

framework Is still



Thank you for your attention !
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