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Liouville equation

The general solution

1
D(z,2) = 3 log i

z =71+ 0, Z=T1— 0 are chiral coordinates.

WZW field g(z,z) = g(2) g(z), with g and g € G.

Imposing constraints on the Kac-Moddy currents

J2)=4d(=)g'(x) J@=7'(27()
one gets a coset WZW model.

The gauge invariant components of g become the fields of the coset model.
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In Liouville theory the parameterising chiral fields are simply related to the
asymtotic in or out fields, which are massless free-fields

Din(2,2) = ¢in(2) + din(2)
A(z) = e2%in(2) Al(z) = e2%in(2)
Similar relations hold for the out fields and one relates the aymptotic fields
e %ou(2) — 1 e=n(2) 4 (2)
From this relation follows
but(2) — doue(2) = ¢i3 () — din(2)
which is interpreted as Tout(2) = Tin(z) = T'(2), where

T(z) = (0®)* — 0*®
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We study Liouville theory on a cylinder with o € S*.
The asymptotic fields obey the mode expansion

z . an . z . b _;
dn(z) =q+ 2403 e o) =g - X iy et
n#0 n#£0
with p > 0.
After canonical quantization we introduce the asymptotic coherent states
2 1 .
o= (23 Lavih ) .
m>0

The out-field 'bra’ vectors out (b*, p|, with p < 0, are given similarly.
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Our aim is to calculate the S-matrix

out (D, P|p, a)in = S(p, b*,a) 6(p + p)
It has the structure )
S(p,b*,a) = R(p) S(p, jin)
with

p, Jn) =1+ Z Z Sy () ny -+ Jny Ony ooty

1/>2 ! ni,..

Here {b},, am;m > 0} ~ {jn,n # 0}, and R(p) is the reflection amplitude
(the 2-point function)

sin(7h) % I'(ip/h)  T(ip)
R(p) = — <'“2 h PZ(h)) I (—]z')p/h) F(—];p)
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Low level transition amplitudes
14+ h—1p
j—
1+h+ip’
—4ip(1+ h)
31+ h+ip)(1+2h+ip)(2+ h+ip)

S_11=

=-S5 911

S_1-12=

—4p(1 + h)
1+ h+ip)?(1+2h+ip)(2 + h + ip)

S_1-111 = 30

i(2+ Th+ Th? + 21%) — (3 + 5k + 3h%)p — p?

S_ p—
22 2(1+ h+ip)(1 + 2h + ip)(2 + h + ip)

GJ — T'T deformation of Witten's cigar Introduction 7/18



The Lagrangian of Witten's cigar

Eil Ou Ou* + Ou Ou*
2 1+ uu*

where u is a complex coordinate on a plane.
The target space metric can be written in polar coordinates

dudu* (dR)? 9 9
= do
1+ uu* (1—R2)2+R( )

which corresponds to the induced metric on the rotational surface in R3 :
X1 =Rcosf, Xo=Rsinf, X3 = f(R), with f obtained from

1

12
1+ =

and it provides an infinite ‘cigar’ in R3.
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Witten introduced it in 1991, as the SL(2,R)/U(1) coset WZW model.
The dynamical equation

ou Ou

00u = u* .
1+ uu*

provides that chiral are the stress tensor components

ou Ou* _ ou ou*
T = T 7)) =
(Z) 1+ uu* (z) 1+ uu*
and also the local fields
d%u u ou* - 0%u uou*
YO =g " trwr VO T Trwe

The field u then satisfies the linear equations

Pu=W()ou+T(2)u O*u=W(2)ou+T(2)u
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Liouville theory:
Liouville field in terms of asymptotic fields

e7<I>(z,2) _ e7<1>;n(z,2) + eféout(z,i)
The relation between the asymptotic fields
e~ Pon(22) — o= Pn(22) 4(2) A(2)

Al(z) = e2¥n(2) Alz) = 20 (2)

Witten's cigar
u(z,z) = e—Pin(22) | g—Pour(2:2)

e Pon(22) — o=n(22) 4(2) A(2)
®;, is a complex free-field ®;,(z,2) = P1(z, 2) + iPo(z2, 2)

Al(2) =i [61(2) +idh(2)] 71
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In quantum Liouville theory the stress tensor gets a correction
T=¢? —1+h)¢"
and the Virasoro generators, in terms of the in-field variables, are
~ 1 9 L
LO = Zp =+ QZafjaj
Jj=1

1,j7#0
The same generators in terms of the out-field variables are obtained by the
replacements p — —p, a; — b;.
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Projecting the operator identity Tout(2) = Tin(z) between the asymptotic
coherent states

<ﬁ) b*|T0Ut(Z)‘p7 CL> = <]57 b*"fm (Z)|p7 CL>

and taking its Fourier modes, one gets linear equations for S(p, b*, a),
which are simplified after the rescaling

Jnj—n .

§ = e T T, )

Inserting the Laplace transform of Sp(j) in the simplified equation, one
represents it as a functional integral, where the integrand is otained from
the equation.
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One gets

Sp[ ] - j _1+Z Z Snl ny ] "'jnu5n1+~-+nu

(0] !
v>2 Vo

where b = \/ﬁ, ]n — b]n On — Pn and

— [T denesn |3

. 1 _ip
<90—n In — 5 (P—n|n|90n> A
n#0 n#0

with

/exp ngpn —inz

n#0

The aim is to calculate Z,(j) and find the expansion coefficients St
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We first analyze Z,(j) for p = Nib?, where N is a positive integer. In this

case one can calculate the functional integral and represent it as

Zni2(J) = exp

where

da 1 1
/H O |32
n#0

We neglect the divergent term

that corresponds to o = 5.

J- n]n

20 j_ nzeznma+b2 Z

m(xa—acﬁ)
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Taking into accout the relation

and using the integration variables z, = ">, we rewrite In(j) as
. dzcx J-n n n
In(j) = o %H bzm(zl 42| x
n#0
b2
me-s-2)
o
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To discuss the T'T deformation of a 2d CFT, it is convinient to introduce
the string model on
Rx S x M

where M is the target space of the 2d CFT.

The string model in the light cone gauge is identified with the
corresponding 2d CFT and in the static gauge it reproduces its 7T
deformed system.

This relates the deformed system and the initial one by a worldsheet
coordinate transformation, which becomes a time dependent canonical
map in the Hamiltonian treatment.

The deformed Hamiltonian defines the string energy and it is expressed it
in terms of the chiral Hamiltonians of the initial 2d CFT.

This allows exact quantization of the deformed system, if the spectrum of
the initial 2d CFT is known.
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The deformed Hamiltonian for a sigma-model

Ha:é (\/1+2a7-[+a2772—1> .

One has the map from the coordinates (z, z) to (7,0)

1 _
T=3 prz+@ (2)+pTz+2 (2)] ,
(1)
1 _
o=3 ptz—@ (2)+pTz—2 (2)] ,
where o B o -
7 (z) = pjT(Z) ' (z) = ﬁjT(E)
The deformed and undeformed fields are rlated by
¢(1,0) = u(z,2) . (2)
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We have described the symmetries of Wittens cigar, emphasizing its
similarity to Liouville theory.

We have introduce the S-matrix of the coset models as an operator with
conformal and W-symmetry.

We have discussed the TT deformation of the S-matrix.
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